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The issue of weighting

 The selection of weights is a delicate task.

 Different points of view lead to different

“correct” sets of weights.

« Comparing multi-dimensional performance on a

fixed set of weights may not be fair to someone.
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The issue of weighting, the frontier

10

° Which one is the best?

8

7 - With equal weights (% and %);

Id.1—0><5+ 10 XE_ 5

[d2=2X=+8x~=
2 2

Id.3=4x1+6x1=5
2 2

Dimension two
(@) ]

Id.4=6x1+4x1=5
2 2

[d5=8x-+2x==5
2 2

Id.6=10><1+0><1=5
2 2

0 1 2 3 4 5 6 7 8 9 10
Dimension one
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The issue of weighting, the frontier

Which one is the best?

- With unequal weights (i and %);

d1=0xi+10x32=75
4 4

[d2=2x-+8x2=65
4 4

[d3=4x-4+6x>=55
4 4

Dimension two

[d4=6X-+4x>=45
4 4

[d5=8x1+2x32=35
4 4

[d6=10x14+0x2=25
4 4

0 1 2 3 4 5 6 7 8 9 10
Dimension one
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The issue of weighting, a personal frontier

Which one is the best?

- With case-specific weights;

Id.1=0x§+9x§= 7.2

1d.2=3><§+8xg= 6.125

Dimension two

Id.3=6x1+6x1=6
2 2

Id.4=8x§+3x§= 6.125

1d.5=9x§+0x§= 7.2

0 1 2 3 4 5 6 7 8 9 10
Dimension one
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Classical Data Envelopment Analysis (DEA)

« Nonparametric method for measuring efficiency.

« Meant to measure productivity and compare
firms and procedures:
outputs/inputs.

-
o

 Weights are not known with certainty, many sets
of weights are taken in consideration.

Dimension two
o - N w S (6] (o)) ~ [o0] ©

Dimension one
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Benefit of the Doubt (BoD)

« The use of DEA to generate weights of composite
indicators

« Generating BoD weights for every observed unit

-
o

« Compare the performance of a unit with a relative
benchmark

Dimension two
o - N w S (6] (o)) ~ [o0] ©

0 1 2 3 4 5 6 7 8 9 10
Dimension one
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Key steps (The math inside)

« Consider a country or unit ¢.
 Identify highest-performing benchmark (=1).

* Find non-negative weights w; = (Wgq, Weq,..., wey) that maximize unit
¢'s performance relative to highest-performing benchmark.

I
=il WéiXCL
Bf‘ — ma>0 I X
Weights that L — We=t MaX gi=1 Weidci Best-performing unit
maximize ¢’'s result —— according to selected
weights of unit ¢
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Benefit of the Doubt (BoD)

h \
\ \ Average =9

M M
8
= B,=7.1/9.0=0.79
o
26
c B,=5.2/72=0.72
&
@
g 4 B.=5.6/6.1=0.92
3
2
1 BoD Scores represent the value respect to
the relative benchmark
0
0 1 2 3 4 5 6 7 8 9 10

Dimension one
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DEA weights and benchmarks: main features

 DEA weights and benchmarks are endogenous and unit-specific.

« A unit can act as its own benchmark (i.e. not outperformed by another
country given the weighting scheme).

* For instance, if a unit has the highest value on a certain indicator, then
it automatically acts as its own benchmark and gets a score of 1.
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The Sustainable Development Goals

GOOD HEALTH QUALITY GENDER 6 CLEAN WATER
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M| | W

DECENT WORK AND 10 REDUCED
ECONOMIC GROWTH INEQUALITIES

o

Example:

SDG Index
and

13 fov 14 Sowwr 16 hosioe - | 17 foxriecous
Dashboard 2019 W, v |'s En

OECD Countries =

V¥ OVERALL PERFORMANCE

Index score Regional average score

Lt

(=)

v

QO

SUSTAINABLE DEVELOPMENT
REPORT 2019

Transformations to achieve the

Sustainable Development Goals

Includes the SDG Index and Dashboards (
~

SDG Global rank 30 (oF 162)
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Example from the SDG Index
and Dashboard

, Goal2 Goal8 |Goal 12 BoD score
* Let’s Look at the data

Canada  60.2 84.0 50.1 0.95

Germany  68.7 84.4 474 1.00

* How many countries are “the best” in one SDG? France] 66.0 78.1 23.4 0.97
United Kingdom — 66.4 82.9 42.9 0.97

Italy 64.3 78.7 51.7 0.94

* What is their BoD score? Japan  68.0 88.5 55.6 1.00
Poland 61.2 84.4 73.7 1.00

Distopia 0.0 88.5 0.0 1.00

* What about the others?

* |s one Goal sufficient to achieve a top score? It may be too flexible
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DEA weight restrictions

It makes sense to restrict weights to lie within certain ranges.

For each indicator i, we can impose weight’s bounds:

LiSWiSUi,

The definition of the bounds is crucial in the BoD approach

Then the sum of weights should always sum up to one
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Scenario I: equal weights may vary = 50%

Countr SDG Index SDG Index / Max Score

. 1Denmark 85.2 85.2/85.2=1

Nominal ~ Lower  Upper 2Sweden 85.0 85.0/85.2 = 0.998

Weight ~ Bound  Bound 3Finland 82.8 0.972

SDG 1 0.059 0.029 0.088 4France 81.5 0.957

5 Austria 81.1 0.952

SDG 2 0.059 0.029 0.088 6 Germany 311 0.952

SDG 3 0.059 0.029 0.088 77 Czech Republic 80.7 0.947

8 Norway 80.7 0.947

SDG 4 0.059 0.029 0.088 9 Netherlands 80.4 0.944

SDG 5 0.059 0.029 0.088 10Estonia 80.2 0.941

11New Zealand 79.5 0.933

SDG 6 0.059 0.029 0.088 12 United Kingdom 79.4 0.932

SDG 7 0.059 0.029 0.088 13 Slovenia 79.4 0.932

14Iceland 79.2 0.930

SDG 8 0.059 0.029 0.088 15Belgium =5 L5

SDG 9 0.059 0.029 0.088 16Japan 78.9 0.926
17 Switzerl ) 92

SDG10 0059 0029  0.088 H7Switzerland. 788 0B

SDG 11 0.059 0.029 0.088 27Italy 75.8 0.890

28 Chile 75.6 0.887

SDG 12 0.059 0.029 0.088 29 Lithuania 751 0881

SDG 13 0.059 0.029 0.088 30 Luxembourg 74.8 0.878

31 United States 74.5 0.874

SDG 14 0.059 0.029 0.088 32 Australia 73.9 0.867

SDG 15 0.059 0.029 0.088 33 Israel 71.5 0.839

34 Greece 71.4 0.838

SDG 16 0.059 0.029 0.088 35 Mexico 8.5 0.804

SDG 17 0.059 0.029 0.088 36 Turkey 68.5 0.804
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The DEA scores matrix : where would you expect to

find “best” scores?

Every column is computed with different weights (according to reference country)

Czech United

Australia Austria Belgium Canada Switzerland Chile Republic Germany Denmark Lithuania Luxembourg Latvia Mexico Sweden Turkey States
Australia 0.94 0.92 0.88 0.93 0.93 0.87 0.82 0.85 0.91 .. 0.83 0.93 0.87 0.85 .. 0.89 0.85 0.91
Austria 0.98 0.98 0.96 0.97 0.96 0.97 0.94 0.97 0.97 .. 0.94 0.98 0.96 0.96 .. 0.93 0.96 0.97
Belgium 0.92 0.93 0.96 0.94 0.9 0.91 0.94 0.95 0.93 .. 0.92 0.92 0.93 0.92 .. 0.89 0.94 0.93
Canada 0.95 0.95 0.93 0.97 0.93 0.93 0.91 0.92 0.93 .. 0.92 0.94 0.92 0.94 .. 0.9 0.93 0.95
Switzerland 0.97 0.96 0.94 0.96 0.98 0.94 0.9 0.96 0.96 .. 0.9 0.97 0.91 0.94 .. 0.92 0.93 0.96
Chile 0.94 0.94 0.89 0.94 0.9 0.99 0.94 0.93 0.87 .. 0.94 0.92 0.95 0.97 .. 0.87 0.96 0.92
Czech Republic  0.96 0.95 0.95 0.97 0.94 0.99 1 0.97 0.95 .. 0.99 0.96 1 0.99 .. 0.89 0.99 0.95
Germany 0.96 0.96 0.96 0.96 0.95 0.96 0.96 0.98 0.96 .. 0.94 0.96 0.96 0.95 .. 0.94 0.96 0.96
Denmark 1 1 1 1 1 1 1 1 1 0.99 1 1 1 0.98 1 1
Lithuania 0.91 0.91 0.9 0.93 0.87 0.95 0.95 0.91 0.87 .. 0.96 0.91 0.96 0.95 .. 0.82 0.94 0.9
Luxembourg 0.9 0.9 0.88 0.9 0.89 0.88 0.86 0.89 0.91 .. 0.87 0.94 0.87 0.86 .. 0.85 0.86 0.88
Latvia 0.92 0.92 0.92 0.94 0.89 0.96 0.97 0.94 0.91 .. 0.97 0.92 0.97 0.96 .. 0.84 0.96 0.91
Mexico 0.85 0.83 0.82 0.87 0.83 0.92 0.87 0.85 0.77 .. 0.88 0.83 0.86 0.93 .. 0.77 0.9 0.84
Sweden 1 0.99 1 1 1 0.99 0.98 0.99 1 .. 0.97 0.99 0.99 1 . 1 1 0.99
Turkey 0.83 0.83 0.81 0.85 0.79 0.88 0.86 0.86 0.8 .. 0.86 0.82 0.86 0.87 .. 0.8 0.91 0.82
United States 0.93 0.92 0.91 0.93 0.92 0.9 0.89 0.9 0.87 .. 0.89 0.91 0.91 0.89 .. 0.87 0.88 0.94
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Czech United

Australia Austria  Belgium  Canada  Switzerland  Chile L Germany Denmark Lithuania Luxembourg Latvia  Mexico Sweden  Turkey (e

Australia 0.94 0.92 0.88 0.93 0.93 0.87 0.82 0.85 0.91 .. 0.83 0.93 0.87 0.85 .. 0.89 0.85 0.91
Austria 0.98 0.98 0.96 0.97 0.96 0.97 094 097 0.97 .. 0.94 0.98 0.96 0.96 .. 0.93 0.96 0.97
Belgium 0.92 0.93 0.96 0.94 0.9 091 094 095 0.93 .. 0.92 0.92 0.93 0.92 .. 0.89 0.94 0.93
Canada 0.95 0.95 0.93 0.97 0.93 093 091 0.92 0.93 .. 0.92 0.94 0.92 0.94 .. 0.9 0.93 0.95
Switzerland 0.97 0.96 0.94 096 0.98 0.94 0.9 0.96 0.96 .. 0.9 0.97 091 0.94 .. 0.92 0.93 0.96
Chile 0.94 0.94 0.89 0.94 0.9 0.99 0.94 093 0.87 .. 0.94 0.92 0.95 0.97 .. 0.87 0.96 0.92
CzechRepublic ~ 0.96 0.95 0.95 0.97 0.94 0.99 1 097 095 .. 0.99 0.96 1 099 .. 0.89 0.99 0.95
Germany 0.96 0.96 0.96 0.96 0.95 096 096 0.98 0.96 .. 0.94 0.96 0.96 0.95 .. 0.94 0.96 0.96
Denmark 1 1 1 1 1 1 1 1 1 .. 0.99 1 1 1 .. 0.98 1 1
Lithuania 0.91 0.91 0.9 0.93 0.87 095 095 0.91 0.87 .. 0.96 0.91 0.96 0.95 .. 0.82 0.94 0.9
Luxembourg 0.9 0.9 0.88 0.9 0.89 0.88 0.86 0.89 0.91 .. 0.87 0.94 0.87 0.86 .. 0.85 0.86 0.88
Latvia 0.92 0.92 0.92 0.94 0.89 096 0.97 094 0.91 .. 0.97 0.92 0.97 0.96 .. 0.84 0.96 0.91
Mexico 0.85 0.83 0.82 0.87 0.83 0.92 0.87 0.85 0.77 .. 0.88 0.83 0.86 0.93 .. 0.77 0.9 0.84
Sweden 1 0.99 1 1 1 099 0.98 0.99 1 .. 0.97 0.99 0.99 1 .. 1 1 0.99
Turkey 0.83 0.83 0.81 0.85 0.79 0.88 0.86 0.86 0.8 .. 0.86 0.82 0.86 0.87 .. 0.8 0.91 0.82
United States 0.93 0.92 0.91 0.93 0.92 0.9 0.89 0.9 0.87 .. 0.89 0.91 091 0.89 .. 0.87 0.88 0.94
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Scenario II: allow the weights to reach zero

(£ 100%)

Country SDG Index SDG Index / Max Score

. 1 Denmark 85.2 1.000

Nomlnal Lowel‘ Upper 2Sweden ]5 0.998

Weight  Bound  Bound 3Finland 82.8 0.972

SDG 1 0.059 0 0.118 4France 81.5 0.957

5 Austria 81.1 0.952

SDG 2 0.059 0 0.118 6 Germany 81.1 0.952

SDG 3 0.059 0 0.118 7 Czech Republic 80.7 0.947

8 Norway 80.7 0.947

SDG 4 0.059 0 0.118 9Netherlands 80.4 0.944

SDG 5 0.059 0 0.118 10Estonia 80.2 0.941

11 New Zealand 79.5 0.933

SDG 6 0.059 0 0.118 12 United Kingdom 79.4 0.932

SDG 7 0.059 0 0.118 13 Slovenia 79.4 0.932

14Iceland 79.2 0.930

SDG 8 0.059 0 0.118 15Belgium 78.9 0.926

SDG 9 0.059 0 0.118 16Jap.an 78.9 0.926

SDG 10 0.059 0 0.118 17 'S.\.V1tzerland 78.8 0.925
SDG 11 0.059 0 0.118 271taly Ok, good, now what?

28 Chile

SDG 12 0.059 0 0.118 29 Lithuania 75.1 0.881

SDG 13 0.059 0 0.118 30Luxembourg 74.8 0.878

31 United States 74.5 0.874

SDG 14 0.059 0 0.118 32 Australia 73.9 0.867

SDG 15 0.059 0 0.118 33Israel 71.5 0.839

34 Greece 71.4 0.838

SDG 16 0.059 0 0.118 35Mexico 68.5 0.804

SDG 17 0.059 0 0.118 36 Turkey 68.5 0.804
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Cross-efficiency DEA

«Calculate the score of each unit |C| times (where |C| is number of
units), using the optimal weights of each unit.

‘The average efficiency score is usually then used to rank countries
(but @ median or something else may be good as well)

*While classical DEA cannot provide a clear ranking, cross-efficiency
DEA can (Sexton et al., 1986).

European
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Cross Efficiency in Scenario I

Australia Austria Belgium Canada " Lithuania Luxembourg Latvia  Mexico Sweden  Turkey ~ (Mted E{E‘ICEE)CY Rank
Australia 0.94 0.92 0.88 0.93 0.83 0.93 0.87 0.85 0.89 0.85 0.91 0.881 31 The results take
Austria 0.98 0.98 0.96 0.97 0.94 098 0.96 0.96 0.93 0.96 0.97 | 0.962 7 every point of view
Belgium 0.92 0.93 0.96 0.94 0.92 0.92 0.93 0.92 0.89 0.94 0.93 0.929 24 into account
Canada 0.95 0.95 0.93 0.97 0.92 0.94 0.92 0.94 0.9 0.93 0.95 0.934 22
Switzerland 0.97 0.96 0.94 0.96 0.9 0.97 091 0.94 0.92 0.93 0.96 [ 0.939 19
Chile 0.94 0.94 0.89 0.94 0.94 0.92 0.95 0.97 0.87 0.96 0.92 0.931 23 Easy to defend
Czech Republic 0.96 0.95 0.95 0.97 0.99 0.96 1 0.99 0.89 0.99 0.95 | 0.970 6
Germany 0.96 0.96 0.96 0.96 0.94 096 0.96 0.95 0.94 0.96 0.96 [ 0.958
Denmark 1 1 1 1 0.99 1 1 1 0.98 1 1 0.998 1 Good with no
CONsSensus on
Lithuania 091 091 09 093 .. 096 091 09 095 .. 082 094 0.9 | 0.917 28 weights
Luxembourg 0.9 0.9 0.88 0.9 0.87 0.94 0.87 0.86 0.85 0.86 0.88 | 0.878 32
Latvia 0.92 0.92 0.92 094 .. 097 092 0.97 09 ..  0.84 096 0091 | 0935 | 21
Mexico 0.85 0.83 0.82 087 .. 088 083 08 093 .. 077 09 0.84| 0.85 | 35
Sweden 1 0.99 1 1 0.97 0.99 0.99 1 1 1 0.99 0.994 2
Turkey 0.83 0.83 0.81 0.85 0.86 0.82 0.86 0.87 0.8 0.91 0.82 | 0.842 36 Z
Unitedsates 0.93 0.92 0.91 0.93 .. 0.89 091 0.91 0.89 .. 0.87 0.88 0.94| 0.900 | 3 e




“I'll give you the benefit of the doubt,
and follow your recipe for Lasagna”

Cit. Somebody
(Not my Grandmother)

Any questions?

You can find us at jrc-coin@ec.europa.eu
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DEA and linear programming

- Essential: underlying optimization problem has a linear-fractional
structure and thus can be transformed into an equivalent linear program
(Boyd and Vandenberghe, 2004).

I

max EWA'XA-

WaZO Cl“*Cl
i=1

S.t. {:1 W@iXCi <1, VceCl

« This allows for tractable and efficient computation.
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Advantages of DEA

 Endogenous weighting adds flexibility: weights adapt to
measurement units.

 Sub-indicator shares are pure numbers, i.e. independent of
the units of measurement of the sub-indicators.

« Other kinds of a priori weight restrictions can also be
considered.
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